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We u s e  t h e  f a c e t  model t o  a c c o m p l i s h  s t e p  edge  d e t e c t i o n .  
The e s s e n c e  of  t h e  f a c e t  model i s  t h a t  any  a n a l y s i s  mare on t h e  
b a s i s  o f  t h e  p i x e l  v a l u e s  i n  some n e i g h b o r h o o d  h a s  i t s  f i n a l  
a u t h o r i t a t i v e  i n t e r p r e t a t i o n  r e l a t i v e  t o  t h e  u n d e r l y i n g  g r e y  t o n e  
i n t e n s i t y  s u r f a c e  of h-hich t h e  n e i g h b o r h o o d  p i x e l  v a l u e s  a r e  
o b s e r v e d  n o i s y  s a m p l e s .  
P i x e l s  which  a r e  p a r t  of r e g i o n s  have  s i m p l e  g r e y  t o n e  
i n t e n s i t y  s u r f a c e s  o v e r  t h e i r  a r e a s .  P i x e l s  which  have  an  edge 
i n  th6m have  complex g r e y  t o n e  i n t e n s i t y  s u r f a c e s  o v e r  t h e i r  
a r e a s .  S p e c i f i c a l l y ,  an edge  moves t h r o u g h  a p i x e l  i f  and  o n l y  
i f  t h e r e  i s  some p o i n t  in t h e  p i x e l ' s  a r e a  h a v i n g  a z e r o  c r o s s i n g  
of t h e  s e c o n d  d i r e c t i o n a l  d o r i v a t i v e  t e k e n  i n  t h e  d i r e c t i o n  of a 
Don-aero g r a d i e n t  a t  t h o  p i x e l ' s  c e n t e r .  
To d e t o r m i n e  w h e t h e r  o r  n o t  a p i x e l  s h o u l d  be marked h s  a 
s t e p  edge  p i x e l ,  i t s  u n d e r l y i n g  g r e y  t o n e  i n t e n s i t y  s u r f a c e  most  
be e s t i r a t o d  on t h e  b a s i s  of  t h e  p i x e l s  4n i t s  n e i g h b o r h o o d .  For  
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t h i s .  we u s e  a f u n c t i o n a l  fo rm c o n s i s t i n 3  o f  a l i n e a r  c o m b i n a t i o n  
o f  t h e  t e n s o r  p r a d a c t s  of  d i s c r e t e  o r t h o g o n a l  p o l y n o m i a l s  of  up 
t o  d e g r e e  t h r s e .  The a p p r o p r i a t e  d i r e c t i o n a l  d e r i v a t i v e s  a r e  
e a s i l y  computed from t h i s  k i n d  o f  a f u n c t i o n .  
Upon compar ing  t h o  p e r f o r m a n c e  of  t h i s  z e r o  c r o s s i n g  of  
s econd  d i r e c t i o n a l  d e r i v a t i v e  o p e r a t o r  w i t h  P r e r i t t  g r a d i e n t  
o p e r a t o r  and t h e  M a r r - E i l d r e t h  z e r o  c r o s s i n g  of L a p l a c i a n  
o p e r a t o r ' .  we f i n d  t h a t  i t  i s  t h e  b e s t  p e r f o r m e r  and  i s  f o l l o w e d  
by t h e  P r e r i t t  g r a d i e n t  o p e r a t o r .  The I a r r - E i l d r e t h  z e r o -  
c r o s s i n g  of  L a p l a c i a n  o p e r a t o r  p e r f o r m s  t h t  w o r s t .  
252 
1. I n t r o d u c t i o q  
What i s  an edge  i n  a d i g i t a l  image? The f i r s t  i n t a i t i v e  
n o t i o n  i o  t h a t  a d i g i t a l  edge  o c c u r s  on t h e  boundary  b e t w e e n  two 
p i x e l s  when t h e  r e s p e c t i v e  b r i g h t n e s s  v a l u e s  of t h e  two p i x e l s  
a r e  a i g n i f i c a n t l y  d i f f e r e n t .  S i g n i f i c a n t l y  d i f f e r e n t  may depend  
upon t h e  d i s t r i b u t i o n  o f  b r i g h t n e s s  v a l u e s  a r o u n d  e a c h  of  t h e  
p i x e l s .  
We o f t e n  p o i n t  t o  a r e g i o n  on an image and  s a y  t h i s  r e g i o n  
i s  b r i g h t e r  t h a n  i t s  s u r r o u n d i n g  a r e a ,  meaning t h a t  t h e  m e i i  of 
t h e  b r i g h t n e s s  v a l u e r  o f  p i x e l s  i n s i d e  t h e  r e g i o n  i s  b r i g h t e r  
t h a n  t h e  mean o f  t h e  b r i g h t n e s s  v a l u e s  o u t r i d e  t h e  r e g i o n .  
Having n o t i c e d  t h i s  we would t h e n  s a y  t h a t  a n  edge  e x i s t s  be tween  
e a c h  p a i r  o f  n e i g h h o r i o g  p i x e l s  where  eae p i x e l  i s  i n s i d e  t h e  
b r i g h t e r  r e g i o n  and  t h e  o t h e r  i s  o u t s i d e  t h e  r e g i o n .  Such e d g e s  
are  r e f e r r e d  t o  a s  s t e p  e d g e s .  
S t e p  e d g e s  a r e  n o t  t h o  o n l y  k i n d  of  e d g e .  I f  we s c a n  
t h r o u g h  L r o g i o n  i n  a l e f t  r i g h t  manner  o b s e r v i n g  t h e  b r i g h t n e s s  
v a l u e s  s t e a a i i l y  i n c r e a s i n g  and  t h e n  a f t e r  a c e r t a i n  p o i n t  o b s e r v o  
t h a t  t h e  b r i p l t n e 3 r  v a l u e s  a r e  s t e a d i l y  d e c r e a s i n g  we a r e  l i k e l y  
t o  a a v  t h .  t h e r e  i s  an edge  a t  t h e  p o i n t  of  change  from 
i n c r e a s i n g  t o  d e c r e a s i n g  b r i g h t n e s s  v a l u e r .  Such e d g e s  a r e  
c a l l e d  r o o f  e d g o s .  
I t  is, t h e r e f o r e ,  c l e a r  f rom o u r  u s e  of t h e  word edgc, t h s t  
edge  r e f e r s  t o  p l a e e s  i n  t h o  image where t h e r e  a p p e a r s  t o  b e  a 
jump i n  b r i g h t n e s s  v a l u e  o r  a l o c a l  e x t r e m a  i n  b r i g h t n e s s  v a l u e  
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d e r i v a t i v e .  Jumps i n  b r i g h t n e s s  v a l u e r  a r e  t h e  k i n d s  of  d g e s  
o r i g i n a l l y  d e t e c t e d  by  R o b e r t s  ( 1 9 6 5 ) .  R e l a t i v t  e x t r e m a  of  f i r s t  
d e r i v a t i v e  i n  a one d i m e n s i o n a l  form i s  u s e d  by E h r i c h  and  
S c h r o e d e r  ( 1 9 8 1 )  and  in an i s o t r o p i c  t w o - d i m e n s i o n a l  s u b o p t i m a l  
form by  H a r r  and  H i l d r e t h  ( 1 9 8 0 ) .  
In some sense t h i s  summary s t a t e m e n t  a b o u t  e d g e s  i s  q u i t e  
r e v e a l i n g  s i n c e  i n  a d i s c r e t e  a r r a y  of  b r i g h t n e s s  v a l u e s  t h e r e  
a r e  jumps. i n  t h e  l i t e r a l  s e n s e .  be tween  n e i g h b o r i n g  b r i g h t n e s s  
v a l u e s  i f  t h e  b r i g h t n e s s  v a l u e s  a r e  d i f f e r e n t ,  e v e n  i f  o n l y  
s l i g h t l y  d i f f e r e n t .  P e r h a p s  more t o  t h e  h e a r t  o f  t h s  m a t t e r .  
t h e r e  e - i s t s  no d e f i n i t i o n  o f  d e r i v a t i v e  f o r  a d i s c r e t e  a r r a y  o f  
b r i g h t n e s s  v a l u e s .  The o n l y  way t o  i n t e r p r e t  jumps i n  v a l u e  o r  
l o c a l  e x t r e m a  of d e r i v a t i v e s  when r e f e r r i n g  t o  a d i s c r e t e  a r r a y  
of  v a l u e s  i s  t o  assume t h a t  t h e  d i s c r e t e  a r r a y  o f  v a l u e s  comes 
a b o u t  a s  tome k i n d  of  s a m p l i n g  of  a r e a l - v a l u e d  f u n c t i o n  d e f i n e d  
on a bounded and  c o n n e c t e d  s u b s e t  of t h e  r e a l  p l a n e  R2. The 
jumps i n  v a l u e  o r  e x t r e m a  i n  d e r i v a t i v e  r e a l l y  must r e f e r  t o  
p o i n t s  of  h i g h  f i r s t  d e r i v a t i v e  o f  f and t o  p o i n t s  of r e l a t i v e  
e x t r e m a  i n  t h e  s e c o n d  d e r i v a t i v e s  of f .  Edge d e t e c t i o n  L u s t  t h e n  
i n v o l v e  f i t t i n g  a f u n c t i o n  t o  t h e  sample  v a l u e s .  P r e w i t t  ( 1 9 7 0 ) .  
was t h e  f i r s t  t o  s u g g e s t  t h e  f i t t i n g  i d e a .  H e a c k e l  ( 1 9 7 1 .  1 9 7 3 ) .  
Brooks  ( 1 9 7 8 ) .  H a r a l i c k  ( 1 9 8 0 ) .  H a r a l i c k  and Watson ( 1 9 8 1 1 ,  
Y o r g e n t h a l e r  and ‘ l o r e n f o l d  ( 1 9 8 1 1 ,  Zucke r  and Hummel ( 1 9 7 9 1 ,  and 
Y o r g e n t h a l e r  (1981) a l l  u s e  t h e  s u r f a c e  f i t  c o n c e p t  in 
d e t e r m i n i n g  e d g e s .  
Edge f i n d e r s  s h o u l d  t h e n  r e g a r d  t h e  d i g i t a l  p i c t u r e  f u n c t i o n  
as  8 sampl’ng o f  t h e  u n d e r l y i n ~  f u n c t i o n  f ,  w h e r e  some k i n d  o f  
random n o i s e  h a s  b e e n  a d d e d  t o  t h e  t r u e  f u n c t i o n  v a l u e s .  To d o  
t h i s ,  t h e  e d g e  f i n d e r  m u s t  assume soma k i n d  o f  p a r a m e t r i c  f o r m  
f o r  t h e  u n d e r l y i n g  f u n c t i o n  f ,  u s e  t h e  s a m p l e d  b r i g h t l l e s s  v a l u e s  
o f  t h e  d i g i t a l  p i c t u r e  f u n c t i o n  t o  e s t i m a t e  t h e  p a r a m e t e r s .  a n d  
f i n a l l y  make d e c i s i o n s  r e g a r d i n g  t h e  l o c a t i o r i s  o f  d i s c o n t i n u i t i e s  
a n d  t h e  l o c a t i o n s  o f  r e l a t i v e  e x t r e m a  o f  p a r t i a l  d e r i v a t i v e s  
b a s e d  on t h e  e s t i m a t e d  v a l u e s  o f  t h e  p a r a m e t e r s .  
Of c o u r s e ,  i t  i s  i m p o s s i b l e  t o  d e t e r m i n e  t h e  t r u e  l o c a t i o n s  
o f  d i s c o n t i n u i t i e s  in v a l u e  o r  r e l a t i v e  e x t r e m a  in d e r i v a t i v e s  
d i r e c t l y  f r o m  a s a m p l i n g  o f  t h e  f u n c t i o n s .  The l o c a t i o n s  a r e  
e s t i m a t e d  b y  f u n c t i o n  a p p r o x i m a t i o n .  S h a r p  d i s c o n t i n u i t i e s  c a n  
r e v e a l  t h e m s e l v e s  i n  h i g h  v a l u e s  f o r  e s t i m a t e s  of  f i r s t  p a r t i a l  
d e r i v a t i v u s .  F ~ l a t i v e  e x t r e m a  i n  f i r s t  d i r e c t i o n a l  d e r i v a t i v e  
c a n  r e v e a l  t h e m s e l v e s  a s  z e r o - c r o s s i n g s  o f  t h e  s e c o n d  d i r e c t i o n a l  
d e r i v a t i v e .  T h u s ,  i f  we a s s u m e  t h a t  t h e  f i r s t  a n d  s e ~ o n d  p a r t i a l  
d e r i v a t i v 6 s  o f  any p o s s i b l e  o n d e r l y L n g  image f u n c t i o n  h a v e  known 
b o u n d s .  t h e n  any e s t i m a t e d  f i r s t  o r  s e c o n d  o r d e r  p a r t i a l s  w h i c h  
e x c e e d  t h e s e  known b o u n d s  m u s t  b e  d u e  t o  u i s c o n t i e u i t i e s  in v a l u e  
o r  in d e r i v a t i v e  o f  t h e  u n d e r l y i n g  f u n c t ! o n .  T h i s  i s  b a s i s  f o r  
t h e  g r a d i e n t  m 8 g n i t u d e  a n d  L a p l a c i a u  m a g n i t u d e  e d g e  d e t e c t o r s .  
HOTeVet, e d g e s  c a n  b e  r e a l  b u t  w e l l  l o c a l i z e d .  S u c h  e d g e s ,  as 
w e l l  a s  t h e  s t r o n g  e d g e s  j u s t  d i s c u s s e d ,  m a n i f e s t  t h e m s e l v e s  a s  
l o c a l  e x t r e m a  o f  t h e  c e r i v r  ve t a k e n  a c r o s s  t h e  e d g e .  T h i s  i d e n  
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f o r  e d g e s  i s  t h e  b a s i s  o f  t h e  edge  d e t e c t o r  d i s c u s s e d  h e r e .  
In t h i s  p a p e r ,  we assume t h a t  i n  e a c h  n e i g h b o r h o o d  of  t h e  
image t h e  u n d e r l y i n g  f u n c t i o n  f t a k e s  t h e  p a r a m e t r i c  fo rm of a 
p o l y n o m i a l  in t h e  row and column c o o r d i n a t e s  and  t h a t  t h e  
s a t p l i n g  p r o ~ u c i n g  t h e  d i g i t a l  p i c t u r e  f u n c t i o n  i s  a r e g u l a r  
e q u a l  i n t e r v a l  g r i d  s a m p l i n g  of t h e  s q u a r e  p l a n e  whicd  i s  t h e  
domain o f  f .  As j u s t  m e n t i o n e d ,  we p l a c e  e d g e s  n o t  a t  l o c a t i o n s  
of h i g h  & r a d i a n t ,  b u t  a t  l o c a t i o n s  0 :  s p a t i a l  g r a d i e n t  maxima. 
Yore p r e c i s e l y ,  a p i x e l  i s  marked a s  a n  edge  p i x e l  i f  i n  t h e  
p i x e l ' s  immedia t e  a r e a  t h e r e  i s  a z e r o  c r o s s i n g  of  t h e  s e c o n d  
d i r e c t i o n a l  d e r i v a t i v e  t a k e n  i n  t h e  d i r e c t i o n  of  t h e  g r a d i e n t .  
Thus  t h i s  k i n d  of  edge  d e t e c t o r  w i l l  r e s p o n d  t o  weak b u t  
s p a t i a l l y  peaked  g r a d i e n t s .  
The u n d e r l y i n g  f u n c t i o n s  from which  t h e  d i r e c t i o n a l  
d e r v i a t i v e s  a t e  computed a r e  e a s y  t o  r e p r e s e n t  a s  l i n e a r  
c o a b t n a t i o n s  o f  t h e  p o l y n o m i a l s  in any p o l y n o m i a l  b a s i s  s e t .  
T h a t  p o l y n o m i a l  b a s i s  s e t  which p e r m i t s  t h e  i n d e p e n d e n t  
e s t i m a t i o n  o f  e a c h  c o e f f i c i e n t  would be t h e  e a s i e s t  t o  u s e .  Such 
a p o l y n o m i a l  b a s i s  s e t  i s  t h e  d i s c r e t e  o r t h o g o n a l  p o l y n o m i a l  
b a s i s  s e t .  
S e c t i o n  I1 d i s c u s s e s  t h e  p o l y n o m i a l s .  In s e c t i o n  11.1 we 
d i s c u s s  how t o  c o n s t r u c t  t h e  one d i m e n s i o n a l  f a m i l y  of d i s c r e t e  
o r t h o g o n a l  j ao iynomia l s .  In s e c t i o n  1 1 . 2  we d i s c u s s  how a r b i t r a r y  
two d i m e n s i o n a l  p o l y n o m i a l s  c a n  be compo'ed a s  l i n e a r  
c o m b i n a t i o n s  of  t h e  t e n s o r  p r o d u c t s  of 0-8 c ' - m e n s i o n a i  d i s c r e t e  
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orthogonal polynomials. In section 11.3, we discuss how the 
discretaly sampled data values a r e  use to estimate the 
coefficients of the linear combinations: coefficient estimates 
for exactly fitting o r  estimates for least square fitting a r e  
oalculrted as linear corbinatiozs of the sampled d a t a  values. 
Having used the pixel values in a neighborhood t o  estimate 
the underlying polynomial function we c a n  now determine the value 
of the partial derivatives at any location in the neighborhood 
8nd u s e  those values in edge finding. Having t o  deal w i t h  
partials in both the row and column directions m a k e s  usins these 
deriv8tives a little more conplicated than using the simple 
derivatives o f  one dinensionrl functions. Section I11 discusses 
tha directional derivative, how it is relatcd to the row and 
column partial derivatives, and how the coefficients of the 
fitted polynomial get used in the edge detector. In section IV 
we discass the statistical confidence of the estimate of edge 
existence and the edge angle. In section V we show resulc 
indicating the superiority of the directional derivative 18-0 
ororsing edge operator over the Prewiti jr.’dient operator and the 
related Yarr-Hildre-h zero-crossin, of the Laplacian operator. 
11. e_ilorrth P o l 3 . n o a u h  
These polynomials are sometimes called the discrete 
Chebycheo polynorials (Beckmann, 1973). Sn thir section re r ‘  w 
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how t o  c o n s t r u c t  them f o r  on0 o r  two v a r i a b l e s  and  how t o  nso 
thorn i n  f i t t i n g  d a t a .  
11.1 Pl,nrofe Q r t h o r o  a a l  -nomiat C o n r t r u c t i c n  T e c t n i a o o  
L e t  t h o  i n d e x  r a t  R b o  r rynmotr ic  i n  t h o  s e n s e  t h a t  re8  
i m p l i o r  - r t B .  L o t  P n ( r )  be t h o  n th  o r d e r  p o l y n o m i a l .  We 
d e f i n e  t h e  c e n s t r a s t i o n  t o c h n i q n o  for d i s c r e t e  o r t h o g o n a l  
p o l y n o m i a l s  i t o r a t i r o l y .  
D e f i n e  P,(r) = 1. 
Soppore  "* ( r ) ,  . . . , I?n..l(r) have  b e e n  do f  i n c d  f n  g e n e r a l ,  
P n ( r :  = r a + ~ ~ - ~ r  n-1 + ... + a l r  + a O .  Pn(r) - . u r t  be o r t h c g o n r l  
t o  e a c h  p o l y n o m i a l  P O ( r ) , . . . B P n - l ( r ) .  Honce, we most : * v e  t h e  a 
e q u t r t i o n s  
a n-1 + ... + a l r  + a,) = 0 ,  k=O ,... , n -1  (1) 2 P,(r)(r + 
r t R  
Thoro  e q o a t i o n ;  a r o  l i n e a r  e q u a t i o n s  i n  t h o  -.ik..own a O B  ..Ban-l 
and a r e  o a r i l y  s o i r e d  b y  s t a n d a r d  t e c h n i q u e s .  
The f i r s t  f i v o  p o l y n o m i a l  f u n c t i o n s  f o r r n a l a s  arL- 
wher; 
11.2 &p D i m e n s i o n a l  m . : r e t e  O r t h o r o n a l  P , l y n o r n i L l .  
Two dimensional d i s c r e t e  o r t h o g o n a l  p o l y n o m i a l s  c a n  be 
c r e a t e d  f r c m  two s e t s  of one d i m e n s i o n a l  d i s c r e t e  u r t s o g o n a l  
polynomials b j  t a k i n g  t e n s o r  praductt. L e t  R an; C be i n & e r  a e t s  
satisfyin, t h e  symmetry c o n d i t i o n  rcR i n p l i e s  - r e 8  and ceC 
irplic - c t C .  L e t  f P 0 ( r ) ,  ... PN(r)l b e  a s e t  o f  d i s c r e t e  
p o l y n o m i a l s  on B .  Let ( Q , ( J : ,  ..., Q , ( c ) )  b e  a s e t  o f  d i d c r e t e  
p o l y n o r i a i r  on c Ther t h e  sa: 
! ? , ( r ) Q o ( c )  ,..., P, ( . )Q, (c )  ,..., F ~ ( r ) Q # ( a j l  i s  L z r t  of  d i t c r 6 . 0  
p c l y n o m i a l  s on 3 X C .  
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The proof of this fact is easy. Consider whether Pi(r)Q.:c) 3 
is orthogonal to Pn(r)Qm(c). when n # i or m # j. T h e n  
r eB c eC 
S i n c e  n # i or m # j one or other of the sums must be zero. 
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(-112, 1/21 (1. r1 
(-1, 0, 11 (1, r, r2 - 2/31 
(-2/3, -112. 112, 3!21 (1. r, r2 - 5 1 4 ,  r3 - 41J2Orl 
{-2, -1. 0 .  1. 21 (1, t. r2 - 2, r3 - 1115 .  
r' + 3,' + 72/35] 
(-1 ,o  s11 x I-1 , o  ,11 1: .r .c . r2 - 213 , tc c 2  - 213 . 
r(c2 - 2/31, c(r2 - 2/31, 
( r 2  - 2/3)(c2 - 2/31) 
F i g a r e  1 8 n d  2 rhow some of t h e  window m a r k s  asad for t h e  3 I 3 
and 4 x 4 ~8.6~. 
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+----+----+---- + 
I -1 I -1 I -1 I 
+----+----+---- + 
l/6 I - 2  I -2  I -2  I 
+----+----+---- + 
I l l  1 1  1 1  
+----+----+---- + 
r2-2/3 
Figure 1 illustrated the Y orsks & o r  the 3 x 3  window 
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1 1 1 1 1 1 1 1  I 
1 1 1 1 1 1 1 1  I 
I l l l l l l l  I 
+----+----+-----+---- + 
I -3  I - 3  I - 3  I - 3  I 
1 / 4 0  i -1 I -I I -1 I -1 I 
I l l  1 1  1 I l l  
I 3 1  3 1  3 I 3 1  
+----+----+-----+---- + 
+----+----+-----+---- + 
+----+----+-----+---- + 
+----+----+-----+---- + 
I 
F i g u r e  2 i l l u s t r a t e s  t h e  r a r k a  u s e d  t o  o b t a i n  t h e  c o e f f i c i e n t s  
o f  all p o l y n o m i a l s  up t o  the quadratic onea f o r  a 4 x 4  w i n d o w .  
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11.3 F i t t i n t  D a t a  With  : ) r t h o n o n a l  w n o a i a l s  
L e t  an i n d e x  s e t  B w i t h  t h e  symmetry p r o p e r t y  r e 8  i m p l i e s  
- r a B  be g i v e n .  L e t  t h e  number o f  e l e m e n t s  i n  R be N. Using  
t h e  c o n s t r u c t i o n  t e c h n i q u e ,  we map c o n s t r u c t  t h e  s e t  
~ P o ( r ) , . . . , P N - l ( r ) )  of d i s c r e t e  o r t h o g o n a l  p o l y n o m i a l s  o v e r  B. 
For e a c h  t 8 R I  l e t  a d a t a  v a l u e  d ( r )  be o b s e r v e d .  The 
0 ' " ' '  'N-1 e x a c t  f i t t i n g  p r o b l e m  i s  t o  d e t e r m i n e  c o e f f i c i e n t s  a 
s u c h  t h a t  
The o r t h o g o n a l i t y  p r o p e r t y  makes t h e  d e t e r m i n a t i o n  of t h e  
c o e f f i c i e n t s  p a r t i c u l a r l y  e a s y .  To f i n d  r h e  v a l u e  of some 
c o e f f i c i e n t ,  s a y  am, m u l t i p l y  b o t h  r i d e s  of t h e  e q u a t i o n  by P m ( r )  
and t h e n  t h e  sum over a 1 1  r a R .  
N-1 
Bence ,  
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The & o p r o r i m a t e  f i t t i n g  p rob lem i s  t o  d e t e t m i n e  c o e f f i c i e n t s  
K N - 1  s u c h  t h a t  0 ' " ' '  aK ' a 
K 
raR n-0 
m '  
2 
i s  m i n i m i z e d .  To f i n d  t h e  v a l u e  o f  some c o e f f i c i e n t .  s a y  a 
t 8 k e  t h e  p a r t i a l  d e r i v a t i v e  o f  b o t h  s i d e s  o f  t h e  e q u & t i o n  f o r  e 
w i t h  r e s p e c t  t o  a i .  S e t  i t  t o  z e r o  a n d  u s e  t h e  o r t h o g o n a l i t y  
p r o p e r t y  t o  f i n d  t h a t  a g a i n  
r a R  r a R  
The e x a c t  f i t t i n g  c o e f f i c j e n t s  r o d  t h e  l e a s t  s q u a r e s  c o e f f i c i e n t s  
a r e  i d e n t i c a l  f o r  m * 0 . .  ..,K. 
F i t t i n g  t h e  d a t a  v a l u e i  ( d ( r ) l r t R )  t o  t h c  polyncmial 
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K 
now p e r m i t s  us t o  i n t e r p r e t  Q ( r )  a s  a w e l l  b e h a v e d  r e a l - v a l u e d  
f u n c t i o n  d e f i n e d  on t h e  r e a 1  l i n e .  To d e t e r m i n e  
dQ 
-- ( to )  
d r  
we n o e d  only t o  e v a l u a t e  
N 
"n 
d r  
> an - - - ( ro)  
n=O 
In t h i s  m a n n e r .  any d e r i v a t i v e  a t  any p c i n t  m a y  b e  o b t a i n e d .  
S i m i l a r l y  f o r  any d e f i n i t e  i n t e g r a l s .  B e a u d o t  (1978) u s e s  t h i s  
t e c h n i q u e  f o r  e s t i m a t i n g  d e r i v a t i v e s  e m p l o y e d  i n  r o t a t i o n a l l y  
i n v a r i a n t  image o p e r a t o r s .  
I t  s h o u l d  b e  n o t e d  t h a t  t h e  k e r n e l  u s e d  t o  e s t i m a t e  a 
d e r i v a t i v e  d e p e n d s  on t h e  n e i g h b o r - o o d  s i z e .  t - e  o r d e r  of  t - e  
f i t .  and  t h e  b a s i s  f u n c t i o n s  u s e d  f o r  t h e  f i t .  F i g u r e  3 
i l l u s t r a t e s  o n e  e x a m p l e  o f  t h e  d i f f e r e n c e  t h o  a s s u m e d  n o d e l  
makes . T h i s  d i f f e r e n c e  mean$ t h a t  t h e  model  u s e d  must be 
j u s t i f i e d .  t h e  j u s t i f i c a t i o n  b e i n g  t h a t  i t  i s  a good f i t  t o  t h e  
d r t a .  In p a r t i c u l a r .  a n o t  s u f f i c i e n t l y  g o o d  j u s t i f i c a t i o n  f o r  
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u s i n g  f i r s t  o r d e r  m o d e l s  i s  t h a t  f i r s t  o r d e r  p a r t i a l  d e r i v a t i v e s  
a r e  b e i n g  e s t i m a t e d .  
267 
A s s u r e d  M o d e l  
g(r,c)= aOO+alOr+aO1c 
a + a20(r2-2/3)+allrc +a 02 ( ~ ~ - 2 1 3 )  
+ a21(r2-2/3)c + a12(c2- 2/3)r 
E e r n e l  Mask f o r  Row Derivrrtive 
I 0 1-1 I 0 I 
112 I o  I o  I o !  
l 0 l l l O l  
F i g u r e  3 i l l u s t r a t e s  t h a t  the a s s u m e d  m o d e l  d o e s  r a k e  a 
d i f f e r e n c e  in the k e r n e l  mask u s e d  t o  e s t i m a t e  a q u a n t i t y  s u c h  a s  
IOT derivativo. 
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111. The P i r e c t i o n a l  D e r i v a t i v e  Edge F i n d e r  
We d e n o t e  t h e  d i r e c t i o n a l  d o r i v a t i v e  o f  f a t  t h e  p o i n t  ( r , c )  
i n  t h e  d i r e c t i o n  a b y  f ' ( r , c ) .  I t  i s  d e f i n e d  a s  a 
The d i r e c t i o n  a n g l e  a i s  t h e  c l o c k w i s e  a n g l e  f r o m  t h e  c o l u m n  
a x i s .  I t  f o l l o w s  d i r e c t l y  f r o m  t h i s  d e f i n i t i o n  t h a t  
1 
f ( r , c )  = d f ( r , c )  o i n a  + G ( r , c )  c o s a  ( 5 )  
a r  a c  a 
We d e a o t o  t h e  s e c o n d  d i r e c t i o n a l  d e r i v a t i v e  o f  f a t  t h e  
I t  
p o i n t  ( r , c )  i n  t h o  d i r e c t i o n  a 9 y  fa ( r , c )  a n d  i t  q u i c k l y  
io1 l o w s  t h a  t 
a 2 f r i n 2 a  + 2a  2 t s i n a  c o s a  + a 2 f c o s  2 a 
a r 2  a r c  a C  
1 1  = e-- --- --- 
2 f a  ( 6 )  
T a k i n g  f t o  b e  a c u b i c  p o l y n o r i r l  i n  r a n d  c w h i c h  c a n  b e  
e s t i ~ a t e d  by t h e  d i r c r e t e  o r t h o g o n a l  p o l y n o m i a l  f i t t i n g  
p r o c e d a r e ,  we c a n  c o m p o t e  t h e  g r a d i e n t  of  f a n d  t h e  g r a d i e n t  
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d i r e c t i o n  a n g l e  a t  t h e  c e n t e r  of t h e  n . t i ghborhood  u s e d  t e  
e s t i m a t e  f .  L o t t i n g  f bo e s t i m a t e d  a s  a two d i m e n s i o n a l  c u b i .  
f ( r , c )  = k1 + k 2 r  + k3c  
+ k,r2 + k 5 r c  + k 6 c  2 
we o b t a i n  a by  
sina - k 2 / ( k 2  2 + k3’) * 5  
c o s a  = k3/(k2 2 + k3 2 )  . 5  
A t  any p o i n t  ( r , c ) ,  t h o  s e c o n d  d i r e c t i o n a l  d e r i v a t i v e  i n  t h e  
d i r e c t i o n  a is g i v e n  b y  
( 9 )  2 
# *  
f ( r , c )  = (bk, sin a + 4k8 s i n a c o s a  + 2kg c . \ s 2 a ) r  
0 
2 2 + (Lkl0 c o s  a + 4kg r i n a  c o s a  + 2 k g  sin a ) c  
2 2 + (2k4 s i n  a + 2 k 5  r i n a  c o s a  + 2k6 c o s  a )  
Ye w i s h  t o  only c o n s i d e r  p o i n t s  ( r , c )  on t h e  l i n e  i n  
d i r e c t i o n  a .  Hence,  r - p s i n a  a n d  c - p c o s a .  Then 
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(10) 3 2 
t *  
f a  ( p )  = 6[k,sin a + k g s i n  a c o s a  
+ k 9 s i n o  c o s  2 a + klOcos 3 a l p  
+ 2[k4 s i n  2 a + k5 r i n a  c o s a  + k6 c o s  2 a1 
= A p + B  
# *  I 
I f  f o r  some p ,  I p l  < p o ,  f a  ( p )  = 0 a n d  fa(p) C 0 r e  h a v e  
d i s c o v e r e d  a z e r o - c r o s s i n g  o f  t h e  s e c o n d  d i r e c t i o n a l  d e r i v a t i v e  
t a k e n  i n  t h e  d i r e c t i o n  of t h e  g r a d i e n t  and w e  m a r k  t h e  c e n t e r  
p i x e l  of t h e  n e i a h b o r h o o d  a s  an e d g e  p i x e l .  
I V .  S t a t i s t i c a l  A n a l y s i s  
In t h i s  s e c t i o n  we show how t h e  r a n d o m n e s s  o f  t h e  n o i s e  
i n d u c e s  a r a n d o m n e s s  i n  t h e  l e a s t  s q u a r e s  c o e f f i c i e n t s  a n d  t h e n  
how t h e  r a n d o m n e s s  o f  t h e  l e a s t  s q u a r e s  c o e f f i c i e n t s  i n d u c e s  a 
r a n d o m n e s s  i n  t h e  e s t i m A t e d  g r a d i e n t  v a l u e ,  t h e  e s t i m a t e d  a n g l e  
o f  t h e  g r a d i e n t ,  a n d  t h e  e r t i m a t e d  l o c a t i o n  o f  t h e  z e r o - c r o s s i n g .  
I V . l  G e n e r a l  
We l e t  p,, n=l,...,N d e n o t e  t h e  names  of  t h e  d i s c r e t e  
o r t h o n o r m a l  b a r i r  f u n c t i o n s ,  q d e n o t e  t h e  i n d e p e n d e n t  a n d  
i d e n t i c a l l y  d i s t r i b u t e d  n o i s e ,  a n d  g d e n o t e  t h e  g r a y  tone 
i n t e n s i t y  f u n c t i o n .  Uncles t h i s  m o d e l ,  t h e  o b s e r v e d  image  c a n  be 
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w r i t t e n  a s  
and t h o  l e a s t  s q u a r e s  o s t i m a t o s  a i ,  ..., a i  f o r  t h e  unknown 
c o e f f i c i e n t s  a l , . . . , a n a r e  g i v e n  by 
S u b s t i t u t i n g  t h e  f o r m u l a  f o r  g(r,c) i n t o  t h e  e q u a t i o n  
for a: at . :  s i m p l i f y i n g  r t d u l t s  i n  
c l e a r l )  s h o w i n g  t h a t  a: h a s  a d o t e r m i ) i ; t i c  p a r t  a n d  a random 
p a r t ,  t h o  r a n d o m n e s s  b e i n g  d u e  t o  t b s  ~ a i s t .  We a s s u a e  t h a t  t h e  
n o i s e  is i n d e p e n d e n t  n o r m a l  h a v i n g  moan 0 a n d  v a r i a n c e  a . 2 
v a s  i a n c  e n' T h a r e f o r e ,  t h o  o r t i m a t o d  c o e f f i c i e n t  a 6  h a s  m e a n  a 
a2  and i s  o n c o r r e l a t o d  w i t h  e v e r y  o t h e r  c o e f f i c i e n t :  
27? 
E [a; a;] = aman, m # n  
2 2  E [ai2] = an+ a 
The r e s i d u a l  e r r o r  e i s  d e f i n e d  a s  t h e  d i f f e r e n c e  b e t r e e n  
t h e  o b s s r r t d  v a l u e s  and f i t t e d  v a l u e s .  I t  t o o  i s  a random 
v a r i a b l e .  
N 
e ( r . c )  = g ( r , c )  - 1 a i  p n ( r , c )  
n=l 
I t  i s  n o t  d i f f i c u l t  t o  s e e  t h a t  a t  e a c h  ( r , c ) ,  t h e  r e s i d u a l  e r r o r  
has m e a n  zero and i s  oncsrrelated w i t h  e a c h  e r t i a a t e d  c o e f f i c i e n t  
a '  s i n c e  n 
E La: 8 ( r , c ) j  = O 
A f t e r  some 8 I g e b r r i c  s c b r t i t a t i o n s  and a a n i p a l a t i o n ,  t h e  t o t a l  
residual e r r o r ,  S 2 ,  can  be  w r i t t e n  a s  
Thus, if the noise is asrured normal and there are K pixels io a 
window 
2 2 2 1 q (r.c)/ u has XkD 
r D c  
a chi-squared variate with K daares of freedom. 
N 
n= 1 
2 2 which mates 1 e (r,c) have XL-N 
r b c  
IV.2 EstimatinA t4n First P a r t i a u  
If t h e  discrete orthogonal basir functions a r t  polynomials 
then each first partial derivative at ( 0 . 0 )  in the row and column 
directions is aiven a s  some linear combination of the -stimated 
coefficients. Furthermore, tne linear combination for the row 
partial will be orthogonal to the linear combination in t h e  
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column partial. Lattin( the coefficients of the linear 
combination for the row partial be sl, ... .sN and the coefficients 
tN' of the linear combination for the column partial be tl...., 
where 
N N 
we have, 
as the true but unknown values of the row and c o l u m n  partials. 
The estimates are 
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N 
N 
p i  * 1 tn a i  
B x l  
and t h e y  h8vs  m o a n  and vari8nco liven b y  
Honce ,  t h e  e s t i m a t e s  f o r  tho row and column partial derivatives 
a r e  a n c o r r e l a t e d .  
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; 4 . 3  Bl~pothesis Testink For Z e r o  Gradient 
T o  see the effect of the randomness on the estimate of 
the gradient magnitude, consider testing tho hypothesis that 
= 0. T h i s  hypothesis must be rejected if there is uc A = =  r 
' 0  be a zero-crossing of second directional derlv8tivs. Cnder 
his hypothesis, 
2 has a x2 distribution. 
The total residual error normalized by the noise variance, 
S A I a - ,  has a XK-N distribution. - 7  2 Hence 
distribution and the hypothesis of pr= p C =  0 r 2 ,  E-N has a 
would be rejected for suitably large values, 
I V . 4  nfidence Intervak For Gradient Direction 
To s e e  the effect of the randomness on the estimate of the 
direction of the gradient, consider the relationships portrayed 
in figure ' .  The ares are the l ow and column partials p r  and 
pc. Tie direction angle 8 of the gradient is given by 
The c a n t e r  o f  t h e  c i r c l e  i s  a t  t h e  e s t i m a t e  (pi,p;). Upon 
s u b s t i t u t i n g  t h e  s t t i m a t e a  w i  and pd f o r  pr  a n d  p c ,  w e  
o b t a i n  t h e  e s t i m a t e d  d i r e c t i o n  a n g l e  8'  by 
cc.s 9' = pi/(p',+ 2 p , 2 p 2  
s i n  8' = p ; / ( p e r +  2 p , 2 ) 1 / 2  
C ( 1 7 )  
From a B a y e s i a n  p o i n t  of v i e w ,  t h e  a r e a  of  t h e  c i r c l e  
r e p r e s e n t s  t h e  c o n d i t i o n a l  p r o b a b i l i t y  t h a t  t h e  unknovn 
( P r  * IC 1 l i e s  w i t h i n  a d i s t a n c e  B f r o m  t h e  o b s e r v e d  
(JA;,~;)  g i v e n  t h a t  t h e  v a r i a n c e  o f  p i  a n d  p i  i s  known 
and e q u a l  t o  ku . 
n o i s e ,  t h i s  c o n d i t i o n a l  p r o b a b i l i t y  i s  q = 1-8 
Assuming a n o r m a l  d i s t r i b u t i o n  f o r  t h e  2 
2 2 
HenC8, -It 12ku  
i f  p r o b a b i l i t y  q i s  g i v e n .  t h e  c o r r e s p o n d i n g  r a d i u s  It is 
(18) 1/2 B = k a [ - 2  l o g ( l - q ) l  
To d e t e r m i n e  8 c o n f i d e n c e  i n t e r v a l  f o r  0 of t h e  fora 
8'  - A I  8 le*+ A p  we h a v e  f r o m  f i g u r e  4 t h a t  
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Note t h a t  t h e  2A c o n f i d e n c e  i n t e r v a l  l e n g t h  d e p e n d s  on t h e  
p r o b r b i l i t y  q of  t h e  c i r c l e  c o n f i d e n c e  r e g i o n  f o r  ( p r D p c )  
and t h e  unknown n o i s e  v a r i a n c e  u 2 . h l t h o u g h , 0 2  i s  n o t  
known, we do  know S2 which h a s  a a2 X2K-N d i s t r i b u t i o n .  
h a n d l e  t h e  p rob lem of ths unknown a2 by d e t e r r i n i n a  a j o i n t  
c o n f i d e n c e  region f o r  ( p r . p c )  and  u2 ( F o u t r . 1 9 8 1 ) .  
p t o  be t h o  p r o b a b i l i t y  t h a t  a c h i - s q u a r e d  random v a r i a b l e  w i t h  
X-5 d e g r e e s  of f r eedom h a s  a n  o b s e r v e d  V41Pe g r e a t e r  t h a n  X 
we have  t h e  c o n f i d e n c 8  i n t e r v a l  
a t  l e a s t  p r o b a b i l i t y  p .  R e p l a c i n 8  a' i n  e q u a t i o n  (19) 
We c a n  
T a k i n g  
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Figure 4 illustrates the geometry of the confidence interval 
estimation for the edle angle. 
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IV.5 m o t h a s i s  T e s t i n a  
I n  t h i s  s e c t i o n  we f i r s t  t a k e  t h e  e d g o  d i r e c t i o n  a t o  b e  a 
i s  n o r m a l  h a v i n g  mean (::)and c o v a r i a n c e  a 2 
f i x e d  c o n s t a n t .  
t h e  random v a r i a b l e s  A and B a p p e a r i n g  i n  e q u a t i o n  (10). The 
!le l e t  pA a n d  vB b e  t h e  e x p e c t e d  v a l u e s  o f  
'A * 
* 'B 
n u l l  h y p o t h e s i s  i s  t h a t  a n  e d g e  e x i s t s .  The  n u l l  h y p o t h e s i s  i s  
s a t i s f i e d  i f  f o r  some p ,  o 1 p d ,  p A p  + pB = 0 .  
The o b s e r v e d  random v a r i a b l e s  a r e  A, B. a n d  t h e  r e s i d u a l  
2 f i t t i n g  e r r o r  S . The b i v a r i a t e  random v a r i a b l e  
r 1 
L -J 
w h e r e  kA and k B  a r e  known c o n s t a n t s .  For a window o f  K p i x e l s  
2 2  2 and a c u b i c  f i t ,  S l a  has a Xis-io. 
From t h i s  i t  f o l l o w s  t h a t  
h a s  an F K-lo d i s t r i b u t i o n .  
W e  d e f i n e  B [ ( x , y ) l f o r  some p .  o p 1 d, x p  + y = 
0 )  Then t h o  n u l l  h y p o t h e s i s  i s  r e j e c t e d  a t  t h e  p s i g n i f i c a n c e  
l e v e l  i f  
2 K-10 1 - y '  i s  l a r g e r  t h a n  F 
An e d g e  s t r e n g t h  p i o b a b i l i t y  c a n  b e  d e f i n e d  b y  q w h e r e  q 
s a t i s f i e s  
Of c o u r s e  t h e  e d g e  d i r e c t i o n  a i s  not f i x e d .  B u t  we d o  
h a v e  a c o n f i d e n c e  i n t e r v a l  f o r  i t .  And f o r  e a c h  v a l u e  o f  a i n  
t h e  c o n f i d e n c e  i n t e r v a l ,  t h e  random v a r i a b l e  A(a) a n d  B(a) 
c a n  b e  c o m p u t e d  a n d  t h e  n u l l  h y p o t h e s i s  t e s t e d .  I f  f o r  a 1 1  a 
i n  t h e  c o n f i d e n c e  i n t e r v a l  t h e  n u l l  h y p o t h e s i s  i s  r e j e c t e d ,  t h e n  
t h e  e x i s t e n c e  o f  a n  e d g e  i s  a l s o  r e j e c t e d .  
In p r a c t i c e ,  r e  c a n  p e r f o r m  a n o n - e x a c t  h y p o t h e s i s  t e s t  
s e l e c t i n g  o n l y  t h e  l e f t  e n d ,  m i d d l e ,  a n d  r i g h t  end v a l u e s  of a 
f r o m  i t s  c o n f i d e n c e  i n t e r v a l .  I f  f o r  e a c h  o f  t h e s e  t h r e e  v a l u e s  
o f  a t h e  n u l l  h y p o t h e s i s  i s  r e j e c t e d ,  t h e n  t h e  e x i s t e n c e  o f  a n  
e d g e  i s  a l s o  r e j e c t e d .  
V. E ~ ~ e r i m Q n t a l  R e s u l t s  
To u n d e r s t a n d  t h e  p e r f o r m a n c e  of  t h e  s e c o n d  d i r e c t i o n a l  
d e r i v a t i v e  z e r o - c r o s s i n g  d i g i t a l  s t e p  e d g e  o p e r a t o r  we examin.8 
i t s  b e h a v i o r  on a w e l l  s t r u c t u r e d  s i m u l a t e d  d a t a  s e t  a n d  on a 
r e a l  a e r i a l  i m a g e .  For t h e  s i m u l a t e d  d a t a  s e t ,  we u s e  a 1 0 0 ~ 1 0 0  
p i x e l  image of a c h e c k e r b o a r d ,  t h e  c h e c k s  b e i n g  2 0 ~ 2 0  p i r e l r .  
The d a r k  c h e c k s  h a v e  g r a y  tone i n t e n s i t y  7 5  and t h e  l i g h t  c h e c k s  
h a r e  g r a y  t o n e  i n t e n s i t y  175. T o  t h i s  p e r f e c t  c h e c k e r b o a r d  we 
a d d  i n d e p e n d e n t  G a u s s i a n  n o i s e  h a v i n g  mean z e r o  a n d  s t a n d a r d  
d e v i a t i o n  50. D e f i n i n g  t h e  s i g n a l  t o  n o i s e  r a t i o  a s  10 t i m e s  t h e  
l o g a r i t h m  of t h e  r a n g e  o f  s i g n a l  d i v i d e d  b y  RMS of t h e  noise, t h e  
s i m u l a t e d  image h a s  a 3 d b  s i g n a l  t o  n o i s e  ratio. T h e  p e r f e c t  
a n d  n o i s y  c h e c k e r b o a r d s  a r e  s h o w n  in f i g u r e  S .  
S e c t i o n  V.l i l l u s t r a t e s  t h e  p e r f o r m n n s e  of t h e  c l a s s i c  3 x 3  
e d g e  o p e r a t o r s  w i t h  a n d  w i t h o u t  p r e a v e r a g i n g  c o m p a r e d  a g a i n s t  t h e  
g e n e r a l i z e d  P r e n i t t  operator. S e c t i o n  V.2 i l l u s t r a t e s  t h e  
p e r f o r m a n c e  of t h e  M a r r - B i l d r e t h  zero-crossing of L a p l a c i a n  
o p e r a t o r ,  t h e  1 1 x 1 1  P r e w i t t  o p e r a t o r ,  a n d  t h e  1 1 x 1 1  zero-crossing 
o f  s e c o n d  d i r e c t i o n a l  d e r i v a t i v e  operator. T h e  zero-crossing of 
s e c o n d  d i r e c t i o n a l  d e r i v a t i v e  s u r p a s s e s  t h e  p e r f o r m a n c e  o f  t h e  
o t h e r  t w o  on t h e  t w o f o l d  b a s i s  of p r o b a b i l i t y  of c o r r e c t  
a s s i C n m e n t  a n d  e r r o r  d i s t a n c e  w h i c h  is d e f i n e d  a s  t h e  a v e r a g e  
d i s t a n c e  t o  c l o s e s t  t r u e  e d g e  p i x e l  of p i x e l s  w h i c h  a r e  a s s i 8 n e d  
non-edge b u t  w h i c h  a r e  t r u e  e d g e  pixels. 
V.l C l a s s i c  E d g e  O p e r a t o r s  
T h e  c l a s s i c  3 x 3  g r a d i e n t  o p e r a t o r s  a l l  p e r f o r m  b a d l y  as 
s h o w n  in f i g u r e  6. N o t e  t h a t  t h e  u s u a l  d e f i n i t i o n  of t h e  R o b e r t s  
o p e r a t o r  has b e e n  m o d i f i e d  in t h e  n a t u r a l  w a y  s o  t h a t  it u s e s  a 
3 x 3  mask. 
A v e r a g i n g  b e f o r e  t h e  a p p l i c a t i o n  of the g r a d i e n t  o p e r a t o r  is 
c o o s i d e r e d  to b e  t h e  c u r e  for s u c h  b a d  p e r f o r m a n c e  o n  n o i s y  
F i g u , e  5 i l l u s t r a t e s  t h e  noisy c h e c k e r b o a r d  u s e d  i n  t h e  
e x p e r i m e n t s ,  L o w  i n t e n s i t y  i s  7 5  h i g h  i n t e n s i t y  i s  1 7 5 .  
S t a n d a r d  d e v i a t i o n  o f  n o i s e  i s  5 0 .  
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i m a g e s  ( B o s e n f e l d  a n d  K a k ,  1 9 7 6 ) .  F i g u r e  6 a l s o  s h o w s  t h e  same  
o p e r a t o r s  a p p l i e d  a f t e r  a box f i l t e r i n g  w i t h  a 3 x 3 ,  5x5, a n d  7 x 7  
n e i g h b o r h o o d  s i z e s .  
Xn a l t e r n a t i v e  t o  t h e  p r e a v e t a g i n g  i s ;  t o  d e f i n e  t h e  g r a d i e n t  
o p e r a t o r  w i t h  a l a r g e r  v d o n .  T h i s  i s  e a s i l y  d o n e  w i t h  t h e  
P r z w i t t  o k e r a t o r  ( P r e + i t t , l 9 7 0 )  w h i c h  f i t s  a q u a d r a t i c  s u r f a c e  i n  
e v e r y  window a n d  u s e s  t h e  s q u a r e  r o o t  o f  t h e  sum o f  t h e  s q u a r e s  
o f  t L  c o e f f i c i e n t s  o f  t h e  l i a e a r  t e r m s  t o  e s t i m a t e  t h e  g r a d i e n t .  
( A  l i n e a r  f i t  a c t u a l l y  y i e l d s  t h e  same  r e s u l t  f o r  t h e  ~ o l p n o l a i a l  
b a s i c  f u n c t i o n .  A c u b i c  f i t  i s  t h e  f i r s t  h i g h e r  o r d e r  f i t  w h i c h  
w o u l d  y i e l d  a d i f f e r e n t  r e s u l t . )  T h i s  i s  i l l u s t r a t e d  i n  f i g u r e  
7 .  A 3x3 p r e - a v e r a g e  f o l l o w e d  b y  a 3 x 3  g r a d i e n t  o p e r a t o r  y i e l d s  
a r e s u l t i n g  n e i g h b o r h o o d  s a z e  o f  5x5. T h u s  i n  f i g u r e  7 w e  a l s o  
show t h e  3x3 p r e a v e t a g e  f o l l o w e d  b y  a 2 x 3  g r a d i e n t  u n d e r  t h e  5 x 5  
P r e w i t t  a n d  we show t h e  5x5 p r e - a v e r a g e  f o l l o w e d  b y  t b e  3x3 
g r a d i e n t  u n d e r  t h e  7 x 7  P r e w i t t .  The  n o i s e  is h i g h e r  i n  t h e  p r e -  
a v e r a g e  e d g e - d e t e c t o r .  F o r  c o m p a r i s o n  p u r p o s e s  t h c  5 x 5  N e v a t i a  
a n d  Babu ( 1 9 7 9 )  c o m p a s s  o p e r a t o r  i s  shown  a l o n g s i d e  t h e  f f 
P r e w i t t  i n  f i g u r e  8 .  T h e y  g i v e  v i r t u a l l y  t h e  same r e s u l t .  The  
P r e w i t t  o p e r a t o r  h a s  tire a d v a n t r g e  o f  r e q u i r i n g  h a l f  t h e  
c o m p u t a t i o n .  
I t  i s  o b v i o u s  f r o m  t h L s e  r e s u l t s  t h a t  g o o d  g r a d i e n t  
o p e r a t o r s  m z s t  h o v e  . I r g e r  n e i g h b o r h o o d  s i z e s  t h a n  3 x 3 .  
U n t ' c : t a n a t e l y ,  t h e  l a r g e r  n e i g h b o r h o o d  s i z e s  a l s o  y i e l d  t h i c k e r  
e d g e s  


To d e t e c t  e d g e s ,  t h e  g r a d i e n t  v a l u e  m u s t  be  t h r e s h o l d e d .  In 
e a c h  c a s e ,  we c h o s e  a t h r t s h o l d  v a l u e  w h i c h  m a k o s  t h e  c o n d i t i o n a l  
p r o b a b i l i t y  of a s s i g n i n g  an e d g e  g i v e n  t h a t  t h e r e  i s  a n  e d g e  
e q u a l  t o  t h e  c o n d i t i o n a l  p r o b a b i l i t y  of  t h e r e  b e i n g  a t r u e  e d g e  
g i v e n  t h a t  an e d g e  i s  a s s i g n e d .  T r u e  e d g e s  a r e  e s t a b l i s h e d  b y  
d e f i n i n g  them t o  b e  t h e  two p i x e l  w i d e  r e g i o n  i n  w h i c h  e a c h  p i x e l  
n e i g h b o r s  some p i x e l  h a v i n g  a v a l u e  d i f f c r e r t  f r o m  i t  on t h e  
p e r f e c t  c h e c k e r b a a i d .  F i g o z e  9 shows  t h e  t h r e s h o l d e d  P r e r i t t  
o p e r a t o r  ( q u a d r a t i c  f i t )  for a v a r i e t y  of n e i g h b 2 r h o o d  s i z e s .  
N o t i c e  t h a t  b e c a u s e  t h e  g r a d i e n t  i s  z e r o  a t  t h e  s a d d l e  p o i n t s  
( t h e  c o r c e r  w h e r e  i o n =  c h e c k s  m e e t ) ,  any o p e r a t o r  d e p e n d i n g  o n  
t h e  g r a d i e n t  t o  d e t e c t  a n  e d g e  w i l l  h a v e  t r o u b l e  t h e r e .  
V . 2  S e c o n d  D e r i v a t i v e  Z e r o  C r o s s i n g  Edge  O p e r a t o r - s _  
Y a r r  a n d  C i l d r e t h  (1980) s u g g e s t  an e d g e  o p e r a t o r  b a s e d  o n  
t h e  z e r o  c r o s s i n g  o f  J g e n e r a l i z e d  L a p l r c i s n .  I n  e f f ~ c t .  t h i s  i s  
n o n - d i r e c t i o n a l  o r  i s o t r o p i c  s e c o n d  d e r i v a t i v e  z e r o  c r o s s i a g  
o p e r a t o r .  The m a s k  f o r  t h i s  g e n e r a l i z e d  L a p l s c i a n  o p e r a t o r  is 
g i v e n  by  s a m 2 1 i n g  t h e  k e r n e l  
a t  row co lum c o o r d i n a t e s  ( r , c )  d e s i g n a t i n g  t h e  c e n t e r  o f  e a c h  
p i ~ e l  p o s i t i c n  i n  t h e  n e i g h b o r h o o d  a n d  t h e n  s e t t i n g  t h e  v a l u e  k 
s o  t h a t  t t c  sum o f  t h e  r e s u l t i n g  w e i g h t s  i s  z e r o .  E d g e s  a r e  

d e t e c t e d  a t  a l l  p i x e l s  whose  g e n e r a l i z e d  L a p l a c i a n  v a l u e  i s  o f  
o n e  s i g n  a n d  o n e  of w h o r e  n e i g h b o r s  h a s  a g e n e r a l i z e d  L a p l a c i a n  
v a l u e  o f  t h e  o p p o s i t e  s i g n .  A z e r o - c r o s s i n g  t h r e s h o l d  s t r e n g t h  
c a n  b e  i n t r o d a c e d  Zexe  3 y  i n s i r r i n g  t h a t  t h e  d i f f e r e n c e  b e t w e e n  
t h e  p o s i t i v e  v r l a ~  a n d  t h e  n e g a t i v e  v a l u e  must e x c e e a  t h e  
t h r e s h o l * i  v a l u e  b e f o r e  ths p i x e l  i s  d e c l a r e d  t o  b e  sc. *: ‘&e ; ; i x e l .  
F i g u r e  IO t l l u s t r a t e s  t h e  e d g e  i m a g e s  p r o d u c e d  b y  t h i s  t e c h n i q u e  
f o r  a v a r i e t y  of t h r e s h o l d  v a l u e s  a n d  a v a r i e t y  o f  v a l u e s  f o r  a 
f o r  a n  11 b y  11 w i n d e r .  I t  is a p p a r e n t  t h a t  i f  a l l  e d g e  p i x e l s  
a r e  t o  b e  d e t e c t e d ,  t h e r e  w i l l  be many p i x e l s  d e c l a r e d  t o  b e  e d g e  
p i x e l s  w h i c h  a r e  r e a l l y  n o t  e d g e  p i x e l s .  And i f  t h e r e  a r e  t o  b e  
ILO p i x e l s  w h i c h  a r e  t o  be  d e c l a r e d  e d g e  p i x e l s  w h i c h  a r e  n o t  e d g  
p i x a l s ,  t h e n  t h e r e  w i l l  b e  many e d g e  p i x e l s  w h i c h  a r e  not 
d e t e c t e d .  I t s  p e r f o r m a n c e  is p o o r e r  t h a t  t h e  P r e w i t t  o p e r a t o r .  
The d i r e c t i o n a l  s e c o n d  d e r i v a t i v e  z e r o  c r o s s i n g  e d g e  
o p e r a t o r  i n t r o d u c e d  :n t h i s  p a p e r  is shown i n  f i g u r e  11 f o r  a 
v a r i e t y  of  g r a d i e n t  t h r e s h o l d  v a l u e s .  I f  t h e  g r a d i e n t  e x c e e d s  
t h e  t h r e s h o l d  v a l u e  a n d  a z e r o - c r o s s i n g  o c c u r s  i n  a d i r e c t i o n  o f  
- + 14.9 d e g r e e s  o f  t h e  g r a d i e n t  d i r e c t i o n  w i t h i n  a c i r c l e  o f  o n e  
p i x e l  l e n g t h  c e n t e r e d  i n  t h e  p i x e l ,  t h e n  t h e  p i x e l  i s  d e c l a r e d  t o  
be a c  e d g e  p i x e l .  T h i s  t e c h n i q z t  p e r f o r m s  t h e  x o r s t  a t  t h e  
s a d d l e  p o i n t s ,  t h e  c o r n e r  w h e r e  f o u r  c h e c k s  m e e t  b e c a u s e  o f  t h e s e  
b e i n g  a z e r o  g r a d i e n t  t h e r e .  
T a b l e  1 s h o r t  t h e  c o m p a r i s o n  among t h e  P r e w i t t  o p e r a t o r  a n d  
t h e  d i r e c t i o n a l  and th:: M a r r - H i l d r e t h  n o n - d i z e c t i o n a l  s e c o n d  


d e r i v a t i v e  z e r o  c r o s s i n g  e d g e  c t p e r a t o r s .  The t h r e s h o l d  u s e J  is, 
a s  b e f o r e ,  t h e  one  e q u a l i z i n g  t h e  c o n d i t i o n a l  p r o b a b i l i t y  o f  
a s s i g n e d  e d g e  g i v e n  t r u e  e d g e  a n d  t h e  c o n d i t i o n a l  p r o b a b i l i t y  of 
t r u e  e d g e  g i v e n  a s s i g n e d  e d g e .  I t  is c l e a r  t h a t  t h e  p e r f o r m a n c e  
o f  t h e  d i r e c t i o n a l  d o r i v a t i v e  o p e r a t o r  i s  b e t t e r  t h a n  t h e  2 r e w i t t  
o p e r a t o r  and  t h e  M a r r - E i l d r e t h  o p e r a t o r ,  b o t h  on t h e  b a s i s  of t h e  
c o r r e c t  a s s i g n m e n t  p r o b a b i l i t y  a n d  t h e  e r r o r  d i s t a n c e  w h i c h  i s  
t h e  a v e r a g e  d i s t a n c e  t o  c l o s e s t  t r u e  e d g e  p i x e l s  o f  p i x e l s  w h i c h  
a r e  a s s i g n e d  non-edge l a b e l s  b u t  w h i c h  a r e  t r u e  e d g e  p i x e l s .  
F i g u r e  1 2  shows t h e  c o r r e s ? o n d i n g  e d g e  i m a g e s  o f  t h e  1 1 x 1 1  
P r e w i t t  o p e r a t o r  usiz.4 a c u b i c  f i t  r a t h e r  t h a n  a q u a d r a t i c  f i t ,  
t h e  1 1 x 1 1  M a r r - H i l d r o t h  o p e r a t o r ,  and t h e  1 1 x 1 1  d i r e c t i o n a l  
d e r i v a t i v e  z e r o - c r o s s i n g  o p e r a t o r .  The  t h r e s h o l d s  u s e d  a r e  t h e  
o n e s  t o  e q u a l i z e  t h e  c o n d i t i o n a l  p r o b a b i l i t i e s  a s  g i v e n  i n  T a b l e  
1. A v i s u a l  e v a l u a t i o n  s l s o  l e a v e s  t h e  i m p r e s s i o n  t h a t  t h e  
d i r e c t i o n a l  d e r i v a t i v e  o p e r a t o r  p r o d u c e s  b e t t e r  e d g e  c o n t i n u i t y  
a n d  h a s  l e s s  n o i s e  t h a n  t h e  o t h e r  t w o .  
2 94 

F o r  t h e  c a s e  o f  c o n s t a n t  v a r i a n c e  a d d i t i v e  n o i s e ,  
t h r e s h o l d i n g  o n  t h e  b a s i s  o f  t h e  h y p o t h e s i s  t e s t  o f  s e c t i o n  IV.3 
y i e l d s  e s s e n t i a l l y  t h e  same r e s u l t s  a s  s i m p l y  t h r e s h o l d i n g  t h e  
g r a d i e n t  v a l u e .  
F i g u r e  13 i l l u s t r a t e s  t h e  s e c o n d  d i r e c t i o n a l  d e r i v a t i v e  z e r o  
c r o s s i n g  o p e r a t o r  on a n  a e r i a l  i m a g e  w h i c h  h a s  b e e n  m e d i a n  
f i l t e r e d  s n d  t h e n  e n h a n c e d  b y  r e p l a c i n g  e a c h  p i x e l  w i t h  t h e  
c l o s e r  of  i t s  3x3 n e i g h b o r h o o d  minimum o r  maximum. T h e  t e c h n i q u e  
i s  s o  g o o d  t h a t  i t  i s  p o s s i b l e  t o  d e t e r m i n e  r e g i o n  b o u n d a r i e s  
e s s e n t i a l l y  b y  d o i n g  a c o n n e c t e i  c o m p o n e n t s  o n  n o n - e d g e  p i x e l s .  
F i g u r e  1 3 b  s h o w s  t h e  c l e a n e d  e d g e  i m a g e  w h i c h  i s  o b t a i n e d  b y  
d o i n g  a c o n n e c t e d  c o m p o n e n t s  o n  t L e  non e d g e  p i x e l s ,  :hen 
r e m o v i n g  a l l  p i x e l s  whose  r e g i o n  h a s  f e w e r  t h a n  2 0  p i x e l s .  The  
r e s u l t i n g  b o u n d a r i e s  a r e  g i v e n  a s  p i x e l s  w h i c h  h a v e  a n e i g h b o r  
w i t h  a d i f f e r e n t  l a b e l  t h a n  i t s  own. 
I n i t i a l  raw e d g e s  w h i c h  l e a v e  g a p s  i n  a r e g i o n  b ~ u n d a r y  w i l l  
i n  e f f e c t  make t h e  r e g i o n s  m e r g e  i n  t h e  c o n n e c t e d  c o m p o n e n t s  
s t e p .  T h u s  t h e  s m a l l  number  o f  m i s s i n g  b o u n d a r i e s  i s  s u r p r i s i n g .  
To b e  s u r e ,  we a r e  n o t  a d v o c a t i n g  c o n n e c t e d  c o m p o n e n t s  a s  a n  
image  s e g m e n t a t i o n  t e c h n i q u e .  T h e  f a c t  t h a t  i t  w o r k s  a s  w e l l  a s  
i t  d o e s  i s  a n  i n d i c a t i o n  o f  t h e  s t r e n g t h  o f  t h e  e d g e  d e t e c t o r .  
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Prenitt Marr-Hildreth Directional Derivative 
Parameters Gradient Zero-crossing 
Threshold = 18.5 Strength = 4.0 
u = 5 . 0  
P(AE~TE) , 6 7 3 8  
P(TE~AE) .6872 
Error Distance 1.79 
,3977 
.4159 
1.76 
Gradient 
Threshold=l4.0 
p = . 5  
.7207 
.7157 
1.16 
Table 1 compares the performance of three edge operators using an 
11x11 window on the noisy checkerboard image. Threshclds are chosen 
to equalize, as best a s  possible, P!AEITE), the conditional 
probability of assigned edge given true edge and the conditional 
probability, P(TE1AE) of true edge given assigned edge. The error 
distance is the average distance to closest true edge pixels of pixels 
which are assigned non-edge but which are true edge. 
VI. Conc l o r  ips 
We h a v e  a r g u e d  t h a t  n u m e r i c  d i g i t a l  image  o p e r a t i o n s  s h o u l d  
b e  e x p l a i n e d  i n  t e r m s  o f  t h e i r  a c t i o n s  on t h e  u n d e r l y i n g  g r a y  
t o n e  i n t e n s i t y  s u r f a c e  o f  w h i c h  t h e  d i g i t a l  i m a g e  i s  an o b s e r v e d  
n o i s y  s a m p l e .  We c a l l e d  t h i s  m o d e l ,  t h e  f e c e t  m o d e l  f o r  d i g i t a l  
image p r o c e s s i n g  a n d  showed how t h e  f a c e t  m o d e l  ca r ,  b e  u s e d  t o  
e s t i m a t e  i n  e a c h  n e i g h b c r h o o d  t h e  u n d e r l y i n g  g r a y  t o n e  i s t e n s i t y  
s u r f a c e .  
Ye d e s c r i b e d  a d i q i t a l  s t e p  e d g e  o p u r a t o r  w h i c h  d e t e c t s  
e d g e s  a t  a l l  p i x e l s  whose  e s t i m a t e d  s e c o n d  d i r e c t i o n a l  d e r i v a t i v e  
t a k e n  i n  t h e  d a r a c t i o n  o f  t h e  g r a d i e n t  h a s  II z e r o  c r o J s i n g  w i t h i n  
t h e  p i x e l ' s  d r e a .  W e  d i s c u s s e 4  t h e  s t a r i s t i c a l  a n a l y s i s  o f  f . h i s  
t e c h n i q u e ,  i l l u s t r a t i n g  how t o  d e t e r m i n e  c o n f i a e n c e  i n t t r v n ! . ~  f o r  
t h e  d i r e c t i o n  o f  t h e  g r a d i e n t  a n d  hcw t h i s  ' c L d e t e r m i n  A a 
c o n f i d a n c e  i n t e r v a l  f o r  t h e  p l a c e m e n t  o f  t h e  z e r c - c r o s s i n g  
l e  h a v e  comphred  t h e  p e r f o r m a n c e  o f  t h e  d i r e s t i o n a l  
d e r i v a t i v e  z e r o  c r o s s i n g  e d g e  o p e r a t o r  w i t h  t h a t  clf t h e  o l n s s i c  
e d g e  o p e r a t o r s ,  t h e  g c n e r a l i z e d  P r e w i t t  g r a d i e n t  o p e r a t o r ,  a n d  
t h e  M a r r - H i l d r e t h  z e r o  c r o s s i n g  e d g e  o p e r 2 t o r .  We f o u n d  t h a t  i n  
b o t h  t h e  s i m u l r t e d  a n a  r e a l  image d a t a  s e t s  t h e  d i r b c t i o n a l  
d e r i v a t i v a  z e r o  c r o s s i n g  e d a e  o p e r a t o r  h a d  s u p e r i o r  p e r f  rmanc.. 
We h a v e  i l l u s t r a t e d  t h a t  f o r  g o o d  p e r f o r m a n c e  i t  i s  
i m p o r t a n t  t o  u s e  l e r g e r  n e i g h b o r h o o d  s i z e s  t h a n  3 x 3  a n d  h a v e  
shown t h a t  5 e t t a r  r e s u l t s  a r e  a c h i t v e o  b y  d e f i n i n g  t h e  c d f t  
o ? e r a t o *  n a t u r a l l y  i n  t h e  l a r i e  n e i g h b o r h o o d  r a t h e r  t h a n  p r e -  
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a v e r a g i n g  and t h e n  using a s m a l l e r  x e i g h b o r h o o d  edge  o p e r a t o r  o n  
t h e  a v e r a g e d  image.  
T h e r e  i s  much work y e t  t o  be done .  We need  t o  e x p l o r e  t h e  
r e l a t i o n s h i p  o f  b a s i s  f u n c t i o n  k i n d ,  ( p o l y n o m i a l ,  t r i g n o m e t r i c  
po lynomia l  e t c . ) ,  o r d e r  of f i t ,  and n e i g h b o r h o o d  s i z e  t o  t h e  
goodness  of f i t .  E v a l u a t i o n  must  be made of t h e  c o n f i d e n c e  
in t e rva : s  p roduced  by t h e  t e c h n i q u e .  The t e c h n i q u e  n e e d s  t o  be  
g e n e r a l i z e d  so  t h a t  i t  works on s a d d l e  p o i n t s  c r e a t e d  by two 
edgea c r o s s i n g .  A s u i t a b l e  edge  l i n k i n g  method n e e d s  t o  be 
d e v e l o p e d  which u s e s  t h e s e  c o n f i d e n c e  i n t e r v a l s .  Ways of 
i n c o r p o r a t i n g  s e m a n t i c  i n f o r m a t i o n  a n d  ways of i s i n g  v a r i a b l e  
r e s o l u t i o n  need  t o  be d e v e l o p e d .  An a n a l o g o u s  t e c h n i q u e  f o r  r o o f  
edges  needs t o  be d e v e l o p e d .  We hope to e x p l o r e  t h a s e  issues i n  
f u t u r e  p a p e r s .  
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